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Superposition of the Single Point Source solution to generate 1 
Temperature Response Factors for Geothermal Piles 2 
 3 






Geothermal piles are a very promising technique to xploit the low enthalpy resource for ground 10 
coupled heat pumps. In fact, they are heat exchangers integrated in the foundation structures of 11 
the buildings, with reduced need in term of ground surface availability and diminished drilling 12 
costs. Unfortunately, to evaluate the ground thermal esponse to their presence it is not possible 13 
to use classical analytical solutions due to their low aspect ratio and to the relevant effect of the 14 
heat capacity of the inner cylindrical volume. In addition, different shapes of the pipe 15 
arrangement are possible: helix around the foundation pile or a series of vertical pipes connected 16 
through U bends at top and bottom of the cylindrical volume. 17 
This study proposes a semi-analytical method to model ground heat exchangers with a great 18 
flexibility concerning their shape. The method, called Multiple Point ources (MPS), applies the 19 
spatial superposition of the analytical solution for the Single Point Source. It has been validated 20 
by means of the comparison with literature analytical methods and FEM results for helix heat 21 
exchangers. Finally, it has been applied to find the temperature response factor for different 22 
shapes of heat exchanger in geothermal piles. 23 
 24 
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1. Introduction 30 
 31 
Geothermal energy exploitation with Ground Coupled Heat Pump (GCHPs) is a great opportunity 32 
for environmental protection and energy saving for b th residential and commercial buildings. A 33 
typical geothermal system is based on the realization of horizontal or vertical heat exchanger fields. 34 
Horizontal ones are very demanding for available surface area whereas vertical borehole heat 35 
exchangers (BHE) have very good performance but high initial costs due to the drilling equipment 36 
(Holmberg et al., 2016). 37 
For these reasons, short vertical heat exchangers have been developed and studied. Such shallow 38 
ground heat exchangers can be integrated directly into the building foundation elements (Ghasemi-39 
Fare and Basu 2016, Jelušič and Žlender 2018). Inside foundation piles (also referred as geothermal 40 
piles or energy piles), the heat exchangers can be arranged into helix configurations (Helix Heat 41 
Exchangers, HHE), defining a cylindrical volume that is typically filled with steel reinforced 42 
concrete. 43 
If geothermal piles are considered, the classical models for vertical BHE (infinite line source ILS, 44 
finite line source FLS, infinite cylindrical heat source ICS) become inappropriate to describe the 45 
heat exchanger thermal behavior with respect to ground. In fact, due to the reduced depth of the 46 
pile, the influence of the heat transfer area at the top and bottom end of the heat exchanger becomes 47 
relevant and makes the above “slim” models unsuitable for engineering design. Moreover, the 48 
presence of the additional thermal capacity of the concrete volume affects the heat transfer. For 49 
these reasons, devoted models have to be developed f r such a problem. 50 
One of the first studies dealing with the present topic was the one by Rabin and Korin (1996). They 51 















solved the thermal problem numerically. The results have been compared with data from field 53 
experiments considering the effects of the thermal properties of the soil, the aspect ratio of the heat 54 
exchanger and its pitch distance. An interesting numerical approach has been recently adopted by 55 
Zarrella et al. (2015) who developed a resistance-capa itance thermal model for simulating a HHEs 56 
field. They analyzed the effects induced by different geometrical parameters and ground properties 57 
(i.e. the effects of axial conduction and of the surface temperature). 58 
Recently, a Chinese research group (Man et al. 2010- 1, Cui et al. 2011) developed a series of 59 
analytical solutions based on the Green’s function method to represent the thermal response of 60 
HHEs into the ground. The proposed models are of grwing complexity and they include the 61 
infinite and finite “solid” cylindrical geometries (in which ground is assumed to occupy also the 62 
inner cylindrical volume), infinite and finite ring and helix source configurations. 63 
Some works combine the conduction heat transfer in the ground with other effects. Moch et al. 64 
(2014) numerically solved the soil freezing problem around a helix coil, modelling the HHE as a 65 
series of rings or as a finite cylinder filled with ground. Moch and co-workers compared the 66 
theoretical results with experimental data, finding satisfactory agreement. Go et al. (2015) 67 
investigated the effects of groundwater advection into the ground on the performance of a spiral 68 
coils field by numerically solving the conjugate heat transfer problem with the commercial code 69 
Comsol Multiphysics. 70 
 71 
In this paper, to simulate geothermal piles with spiral and U arranged pipes, a semi-analytical 72 
method is proposed, based on the spatial superposition of the analytical solution of the Single Point 73 
Source problem (SPS). First, the reliability of themodel has been extensively checked in terms of 74 
numerical discretization (heat sources density effects), also with a validation against literature 75 
analytical solutions. Then, two different geometries of heat exchanger have been considered and 76 
modelled: a series of ring coils around a solid cylinder and a series of vertical pipes connected 77 
through U bends at top and bottom of a cylindrical volume. 78 
 79 
2. Theoretical background 80 
 81 
Ground heat exchangers (GHEs) behavior is frequently described in terms of a network of two 82 
thermal resistances, the first pertaining to the heat exchanger itself and the second related to the 83 
time-dependent response of the ground to the presenc  of the GHE. To study the ground thermal 84 
response it is a common practice to solve the transient conduction equation, to obtain the 85 
temperature field as a function of time according to a 1D (radial) or 2D (radial and axial) 86 
description of the thermal domain. 87 
Frequently, the temperature field can be represented i  a dimensionless form by the introduction of 88 
a proper Temperature Response Factor (TRF). Its formulation depends on the applied boundary 89 
conditions as discussed in details for example by Priarone and Fossa (2016). A general expression 90 
for any TRF solution can be written with reference to the applied heat transfer rate per unit length: 91 
,2 ( )
'
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π ∞−Γ = &            (1) 92 
This basic dimensionless solution, expressed as a function of a proper Fourier number, can be 93 
profitably superposed in space and time (Ingersoll et al. 1954, Eskilson 1987), in order to simulate 94 
the transient response of a GHE field when subjected to variable thermal loads to the ground 95 
(Yavuzturk and Spitler, 1999, Bernier et al. 2004). 96 
The temperature field around the GHE can be obtained through both numerical and analytical 97 
approaches. 98 
In the following the main analytical solutions for describing the effects of heat sources buried in the 99 















homogeneous medium, with thermo-physical properties not dependent from temperature and initial 101 
















2.1. Analytical solutions for point, line and cylindrical heat sources 104 
 105 
A series of simplified geometries have been considered for describing a real ground heat exchanger. 106 
They refer to heat sources having different shapes, ranging from the single point configuration, to 107 
infinite and finite line and cylindrical sources. This section is devoted to the description of the 108 
above geometries (as sketched in Table 1) and to the related analytical solutions to the heat 109 
conduction problem. 110 
A very early model for geothermal applications is the Single Point Source (SPS) one, where the 111 
source is delivering a constant heat transfer rate Q&. The related SPS solution can be expressed in 112 

















        (2) 114 
This solution has been the starting point for obtaining further ones for more complex source 115 
geometries using the superposition technique. 116 
 117 
The first application of the superposition method of the Single Point Source solution has been 118 
applied to obtain the Infinite Line Source (ILS) model. The model has been described in details by 119 
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The expression of the ILS solution contains the exponential integral function E1, that can be 122 
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where 126 
a0 = − 0.57721566    a3 = 0.05519968 127 
a1 = 0.99999193    a4 = − 0.2491055 128 
a2 = − 0.24991055    a5 = 0.00107857 129 
 130 
The above approximated expression of E1 can be proved to be accurate within 10% if For > 0.25 131 
(i.e. the argument of the exponential integral (1/4·For) is smaller than 1) and within 1% if For > 2. 132 
 133 
The integration over a line of length H allows to obtain the temperature field at any radial and axial 134 
position around the finite line source (in infinite medium) as the superposition in space of multiple 135 
point source contributions. Equation (5) shows the result of this integration (present paper 136 
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        (5) 138 
To obtain the solution for the Finite Line Source in a semi-infinite medium (FLS), it is necessary to 139 
consider the superposition of a series of image sources of opposite heat rate strength with respect to 140 
a plain of symmetry which represents the ground surface, at which the temperature remains constant 141 















For FLS, Zeng et al. (2002) proposed the following solution: 143 
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     (6) 144 
Lamarche and Beauchamp (2007) solution provides the exc ss temperature as a function of radius 145 
and time as the average along z for a length H: 146 
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In the above expression, ( )1 2 HFoγ = , β is the radial distance made dimensionless by the BHE 148 
length H, and DA e DB are equal to: 149 
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Claesson and Javed (2011) reformulated the FLS theory according to new expressions where the 152 
distance D of the line source from the ground top surface (buried depth) can be taken into account: 153 









Y z D H z
r r H z dz
z
τ
∞ ⋅  Γ = ⋅ − ⋅
  
  
∫       (8) 154 
)2()22()2(2)(2),( yierfyxierfyxierfxierfyxY −+−++=       (9) 155 
( )211)()()( UU
o
eUerfUdvverfUierf −−−== ∫ π
       (10) 156 
 157 
The Infinite Cylindrical Source model (ICS) refers to a geometry in which the source is an infinitely 158 
long hollow cylindrical surface. The ICS case was analytically solved by Carlslaw and Jaeger 159 
(1947), either considering the heat rate boundary condition or the temperature one. Solving these 160 
problems they provided the G and F solutions, as described below: 161 
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 165 
where J0, J1, Y0, Y1 are Bessel functions of the zero
th and first order, respectively. 166 
Later Ingersoll et al. (1954) provided tabulated values of the related solutions. 167 
According to Fossa (2017), the ICS solution can be approximated, with an error below 1%, using 168 
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where  176 
c0 = 1.2777 E-1  c1 = 1.0812 E-1  c2 = 3.0207 E-2 c3 = - 2.30337 E-3 177 
c4 = - 1.4459 E-3  c5 = 3.6415 E-4  c6 = - 2.4889 E-5 178 
 179 
2.2 Analytical solutions for Helix Heat Exchangers (HHE) 180 
 181 
Ground heat exchangers as short energy piles cannot be modeled as infinite sources or linear ones 182 
because of their low aspect ratio (reduced depth wit  respect to classical Borehole Heat Exchangers, 183 
BHE) and relevant contribution of the thermal capacity of the inner cylindrical volume. For these 184 
reasons new specific models are needed. In this section ylinder, ring and helix heat sources are 185 
considered according to the geometries described in Table 2. 186 
In recent years, a Chinese research group (Man et al. 2010-2011, Cui et al. 2011) has derived 187 
different analytical models to represent the ground response to the presence of HHEs. The models, 188 
derived from the application of the Green's function method, are the Infinite and Finite Solid 189 
Cylindrical source model, the Infinite and Finite Ring Source model, the Infinite and Finite Spiral 190 















In the following, the models are briefly illustrated. For the finite length models, the ground is 192 
assumed to be a semi-infinite medium and the temperature of the ground surface is kept constant 193 
and equal to ,grT ∞ . For all the models, a constant heat transfer rate per unit of borehole length is 194 
considered as imposed boundary condition. 195 
 196 
The Infinite Solid Cylindrical Source (ISCS) model has been proposed by Man et al. (2010) to 197 
improve the existing "hollow" cylindrical counterparts (e.g. the ICS model) taking into account the 198 
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Man et al. (2010) elaborated also a Finite Solid Cylindrical Source (FSCS) model that considers a 202 
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 205 
Cui et al. (2011) developed the Infinite Ring Source (IRS) model considering the heat source 206 
composed by an infinite series of rings stacked around a vertical axis. In this way it is possible to 207 
take into account the discontinuities of real helix sources and the impact of the coil pitch p. The 208 
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 211 
Cui et al. (2011) proposed also the Finite Ring Source (FRS) model, considering a cylindrical 212 
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    (17) 214 
Man et al. (2011) refined the representation of the HHE introducing the spiral geometries. 215 
These models consider the coil pipe as a helix buried in the ground around a vertical axis with a 216 
fixed coil pitch p. 217 
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 220 
The Finite Spiral Source (FSS) model considers a finite number of spiral coils equal to m and its 221 
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3. Present study method: the multiple point source model (MPS) 229 
 230 
In this paper a semi-analytical method is presented, suitable to model any GHE geometry, 231 
irrespective of the piping shape and not relying on any specific symmetry condition. The model is 232 
based on the spatial superposition of the Single Point Source (SPS) solution (Eq.2). The sources are 233 
placed along a suitable contour to create the desired geometry including rings and helix coils. 234 
In order to impose constant temperature at the ground s rface, equal to the undisturbed one ,grT ∞ , 235 
the image source approach is applied and a opposite strength heat transfer rate is applied to all the 236 
image sources. 237 
For each position j of the ground domain, the overall temperature excess with respect to the 238 
undisturbed value ,grT ∞  can be evaluated at each instant as superposition of the effects induced by 239 
all the Nsources point sources, including the image ones: 240 
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Finally, the average temperature excess related to all he j ground positions taken into account can 244 
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 247 
In the application of the suggested method, a fundamental issue is the definition of the minimum 248 
number of point sources to be superposed to properly r present any curved line constituting a heat 249 
source. This problem is equivalent to assess the maximum allowed distance between the single 250 
sources. This distance (PS to PS distance or grid size ∆s) necessarily depends on another 251 
geometrical parameter, i.e. the distance of PS fromneighbor evaluation point (EP). 252 
Considering Figure 1, single point sources are placed on a generic curved line at a distance equal to 253 
∆s. The Temperature Response Factor is evaluated at a dis ance rb from the source, normal to the 254 
curved line. In this original way, the ground response is evaluated at the virtual location of the pipe 255 
boundary and no “grout type” heat resistance has to be inserted in the model. The selection of the 256 
PS density along the path describing the pipe arrangement has to be done while reaching a tradeoff 257 
between discretization accuracy and computational time saving. For this reason, a series of 258 
preliminary calculations and comparisons with respect to reference analytical solutions has been 259 
performed to assess the best discretization parameter ∆s/rb. 260 
First, the analysis has been carried out for a linear geometry, to compare the results obtained with 261 
the multiple point source (MPS) model with the results from the FLS analytical solution. 262 
Figure 2 shows the comparison between the temperatur  response factor from the FLS solution 263 
(rb/H = 0.001) and those obtained with the MPS model for different values of ∆s/rb. As can be 264 
observed, the MPS solution approaches the reference FLS one when the discretization parameter 265 
∆s/rb is of the order of the unit (Fossa 2017). 266 
A similar analysis has been applied to a helix heat exchanger approximated as a series of rings, with 267 
radius rpile, total high H and pitch p, according to Figure 3 and Table 3. The temperature field is 268 
evaluated at a distance rb from the sources. The rings are modeled by the suprposition of single 269 
point sources, each with an applied heat transfer rat  equal to PSQ& . The number of the PS for each 270 














































Figure 2. Comparison of reference FLS results (rb/H = 0.001) with MPS superposition solutions for different ∆s/rb. 303 
 304 
 305 
The evaluation of the Temperature Response Factor Γ f r the HHE is carried out by increasing the 306 
number of PS for each ring, up to NPS = 140, with a corresponding parameter ∆s/rb = 1 (Table 4). 307 
Figure 4 represents the Γ functions for the different ∆s/rb and shows that, increasing the number of 308 
PS and so decreasing the value of ∆s/rb, the different MPS profiles approach. 309 
 310 
 311 
Table 3. HHE geometrical parameters. 312 
 313 
H [m] 15 
rpile [m] 0.45 
p [m] 0.5 
rb [m] 0.02 
 314 
Table 4. Discretization parameters and average relativ  errors for ring heat exchangers. 315 
 316 
NPS ∆s = 2·π·rpile /NPS ∆s/rb ε% 
18 0.16 7.8 - 
35 0.08 4 17.8% 
70 0.04 2 6.1% 
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To quantify the effect of the discretization parameter and compare the Γ functions obtained with 317 









           (23) 319 
The calculated values are reported in Table 4 and show that, decreasing the parameter ∆s/rb from 2 320 
to 1 does not produce a relevant change in the Γ value, with a relative error equal to 0.9%. 321 
Therefore, it is possible to consider as general criterion the value ∆s/rb = 2, with a good compromise 322 

























To further validate the suggested method, the temperature response factor Γ obtained with the MPS 348 
method for the geometry represented in Figure 3 has been compared with literature analytical 349 
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In particular, the infinite and finite solid cylindrical source (ISCS and FSCS) and the infinite and 351 
finite ring source (IRS and FRS) solutions have been considered (Man et al. 2010, Cui et al. 2011). 352 
In this case the Γ functions have been evaluated at r = 0.45 and for more vertical positions than the 353 
numbers of rings, i.e. 10 evaluation points for each pitch distance. For this reason, the Γ functions 354 
result in their asymptotic values are smaller than those showed in Figure 4.355 
At low Fo values, i.e. ln(9FoH)<-4 (corresponding to Forb<2), all the Γ functions have to match with 356 
the ILS trend. On the contrary, it is relevant to point out that the Γ values obtained with the IRS 357 
solution move slightly away. It is not clear if this behavior has to ascribed to the solver of the 358 
Matlab code used to solve Equation 16 or to some inefficiency of the analytic expression. 359 
For higher Fo numbers, Figure 5 clearly confirms that the MPS method allows to find results that 360 
are in very good agreement with the corresponding oes from the analytical solutions, with an 361 
average relative error at the asymptote with respect to FSCS and FRS equal to 2.8% and 1.8%, 362 
respectively. 363 
An additional comparison related to the present method predictions is shown in Figure 6. Here a 364 
FRS is considered and its geometrical parameters are H=15 m, rpile=0.45 m, p=0.25 m. A 2-D 365 
Comsol FEM model has been built on purpose: a constant heat transfer rate condition has been 366 
imposed to ring external surface and the temperature field (in time and space) has been calculated. 367 
From the average temperature along rings at given distance (0.02 m), the TRF of the present heat 368 
source geometry has been inferred and compared with the corresponding solution by the present 369 
MPS model.  370 
 371 
 372 























































































FRS heat exchanger 
H = 15 m 
rpile = 0.45 m 
















Figure 6. Comparison between the MPS results and FEM results in terms of ΓL-function for a FRS heat exchanger. 392 
Geometrical parameters are given in figure legend. 393 
In Figure 6 the temperature response factors LΓ have been evaluated with respect to the heat transfer 394 












,2π    (24) 396 
Again, as can be easily noticed, the agreement of the present method results with the FEM ones is 397 
very good (average difference 2.5%) at both the early part of the transient response and in the late 398 
period up to the asymptotic trend. 399 
 400 
4. Results 401 
 402 
The great advantage of the MPS method is that it allows generating heat sources of any shape, thus 403 
offering a terrific flexibility. 404 
In geothermal pile applications, it is possible that the piping is arranged not as a spiral around the 405 
foundation pile but as a series of vertical pipes connected through U bends at top and bottom of a 406 
cylindrical volume (Figure 7). Even the vertical pipe arrangement is easier in terms of installation 407 
and probably safer with reference to concrete coverage on steel cage, some companies also propose 408 
helical pipes. The MPS method has been applied to generate the temperature response factor Γ f r 409 
the above geometries and the results are compared to each other. 410 
In the two different cases, Γ is evaluated at the same distance rb from the sources, considering the 411 
same equal heat transfer rate  for all the sources and setting the discretization parameter ∆s/rb = 2 412 
to define the number of PS. 413 
Finally, both geometries have nearly equal total pipe length L: 414 
           (25) 415 
with: 416 
  and     (26) 417 
   418 
Figure 7. MPS method applications: rings and vertical pipe arrangements for geothermal piles. 419 
 420 
Q&
rings vertical pipesL L L= ≅




















Figure 8. MPS results: comparison between rings and vertical pipe geometry. 422 
 423 
The rings configuration has a coil pitch p = 0.28 m whereas the vertical pipes configuration 424 
considers a number of legs equal to 10. Thus, the total pipe length L for both geometries is nearly 425 
equal to 150 m. 426 
Figure 8 shows the comparison between the two different Γ functions obtained with the MPS 427 
method. At small FoH (ln(9 FoH) < -1), the two curves reveal a very good agreement b cause, at the 428 
beginning, each point source cannot perceive the influe ce induced by the presence of the others. 429 
As a consequence, at a distance equal to rb from PS, the response of the ground is nearly the same 430 
as for a single point source (SPS). 431 
On the contrary, for high FoH, the effects of the other PS become relevant, and the shape of the two 432 
energy pile geometries induces slightly different response in the ground (with an asymptotic relative 433 
difference of nearly 1%). 434 
 435 
5. Conclusions 436 
 437 
For ground coupled heat pumps (GCHP), the use of vertical ground heat exchangers associated to 438 
the foundation structures of the building (energy piles) is a very interesting and promising 439 
technique. In this type of installation, the pipes are frequently arranged as helix heat exchangers 440 
(HHE) around the pile or as a series of vertical pipes connected through U bends at top and bottom 441 
of the cylindrical volume. 442 
In recent years, some analytical solutions have been proposed in literature to analyze the energy 443 
piles. Unfortunately, they are complicated to be used and strictly associated to a particular 444 
geometry, i.e. a particular shape of the pipes arrangement around the pile. 445 
In this paper, a new semi-analytical approach (Multiple Point Source method) has been proposed. 446 
The algorithm is based on the spatial superposition of the analytical solutions related to a system of 447 
single point sources arranged along a path describing the pipe shape. After an extensive analysis on 448 
the sources discretization, the method has been validated against analytical methods for a helix heat 449 
exchanger approximated as a series of rings with a fixed pitch. In particular, the ground response 450 
obtained with the MPS method has been compared with the analytical solutions of the Finite Solid 451 
Cylindrical Source model and the Finite Ring Source model with a very good agreement (average 452 
relative error equal to 2.8% and 1.8%, respectively). A very good agreement has also been obtained 453 
from the comparison with FEM simulations of a finite ring heat exchanger. 454 
The proposed method is simply to use, effective and very flexible to be applied to other geometries, 455 














































configuration with a series of vertical pipes connected through U bends at top and bottom of a 457 
cylindrical volume. Future investigations will be dvoted to the application of the present method to 458 




a Thermal diffusivity [m2/s]; 463 
E1 Exponential Integral function [-] 464 
erf Error function [-]; 465 
rFo  Fourier number based on the radius r [-]; 466 
HFo  Fourier number based on the depth H [-]; 467 
H Pile depth [m] 468 
  Modified Bessel function of the zero order [-]; 469 
,  Bessel Function of the first kind of zero and one rder [-]; 470 
,  Bessel Function of the second kind of zero and one ord r [-]; 471 
k  Thermal conductivity [W/m K] 472 
L Total pipe length [m] 473 
m Number of rings [-] 474 
p Pitch [m]; 475 
Q& Heat transfer rate [W]; 476 
'Q&  Heat transfer rate per unit length [W/m]; 477 
r  Radial coordinate [m]; 478 
∆s  Distance between SPS [m] 479 
T Temperature [K]; 480 
,grT ∞  Undisturbed (initial) ground temperature [K]; 481 
z Axial coordinate [m] 482 
 483 
Greeks 484 
β Dimensionless radial distance (r/H) [-] 485 
ε Average relative error [%] 486 
Γ  Temperature Response Factor [-] 487 
ϕ Angular coordinate 488 
τ Time [s]; 489 
 490 
Subscripts 491 
b Referred to the point at which the Γ is evaluated 492 
gr Referred to ground 493 
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• Geothermal piles are heat exchangers integrated in the foundations of the buildings  
 
• They have low aspect ratio and high heat capacity in the inner cylindrical volume 
 
• It is not possible to use classical analytical solutions 
 
• A new semi-analytical method called multiple point sources (MPS) is proposed  
 
• The method has been validated against analytical and FEM models  
 
 
 
